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Dynamics of an Alrcraft 1n Wmd Shear
of Arbltrary Direction

Vladimir Bochis*
National Institute for SClentlflC and Technlcal Creatzon, Bucharest Romania

This paper investigates dynamic characteristics of an aircraft in vﬁnd sheai of an arbitrary direction. The
steady-state solution allowing for the wind shear is defined and the linearized system about this solution is in-
-vestigated. Wind shear accounts for coupling the longitudinal and the lateral-dlrectlonal motions and for an
additional mode as well. The thrust required for the steady-state motion, the characteristics of the modes, and
the state variables they affect are decisively influenced by the wind shear intensity and direction and the vertical
velocity of the aircraft. The new mode is either an aperiodic divergent orie corresponding to the consideration of
a specific azimuth angle as an additional state variable, or an oscillatory mode obtained by the coupling of the

former with the spiral mode.

Nomenclature

as, =acceleration of the aircraft center of
mass with respect to Fy, written as
components in Fy,

C =aerodyhamic sid¢ force

D =drag

Fg =body-fixed reference frame (body
axes Oxyz) .

Fy =Earth-fixed reference frame (Earth
axes OpXgYpZr)

F, =inertial reference frame

Fy =vehicle-carried vertical frame

Fy - =air-trajectory reference frame (wind
axes OxXyyw2w) :

=gravity acceleration
1.1, 1,1, =mass moments and product of
, inertia with respect to body axes

I =LI,-L,

I, = ,X(I I +1,)

I =L(I,—1I, ) 12

I, —I ( I I ) +IZ

L o= rolhng moment

L =lift ‘ _

Lyy =transformation matrix, relating
vectors in Fy (or Fg) to those in F, B
(see Appendix)

Lyg =transformation matrix, relatmg
vectors in Fy to those in FW (see
Appendix)

Lyy =transformation matrix, relating
vectors in Fy (or Fg) to those in Fy,
(see Appendix)

M = pitching moment

m ‘ =aircraft mass

N =yawing moment

D.q,r =scalar components of «? in body
axeés Fp

piq4,re =scalar components of w in body axes
Fp

T =thrust

t ) - =time
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u,v,w =scalar components of ¥ in body axes
. Fp' ;
u?, 0¥, wW =scalar components of WE
V =magnitude of ¥V
V " =velocity vector of the alrcraft c.g.
o relative to the air .
VE =velocity vector of the aircraft c.g.
_ o relative to the Earth
W =magnitude of W& :
WE —wmdspeed relative to the Earth at
the aircraft c.g. ‘
¥,z =give position of c.g. relative to the
reference frame
zZr =thrust vector arm
a =angle of attack
ar =angle between thrust vector line and
the x.body axis
B =angle of sideslip
0, =aileron deflection angle
0, =elevator deflection angle
6, : =rudder deflection angle
¢.0,¢ =Euler angles [in Eq. (7)]
¥ =angle between x body axis and
vector WE, in a horizontal plane
® =angular velocity of Fjp relative to Fg
w? =angular velocity of the aircraft
relative to the air
w” =angular velocity of Fy, relative to Fg
Subseripts
E,W,B . =reférence frame in which the com-
o ponents of the vector are taken _
4,X,¥,2 ' = partial derivativé due to the respective
quantity
ij = element of the matrix in the

ith (i,j=1,2,3) row and jth column

Superscripts
T =transpose

) =total time derivative

Introduction
SHE influence of wind shear on flight safety near the

A ground has been a constant concern of many authors.
Some of them use numerical response simulation or energy
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methods for pred1ct1ng the trajectory or the required thrust. !
Others assumie the aireraft initially trimimed for flight in the
presetice of a uniforin wind, and compute the response of the
linearized system about this reference equilibrium flight
condition, with’ linear wind- shear asa perturbatlon 3 Etkin*
develops a method for the estimation of longitudinal dynamic
qualities in horizontal flight parallel to a wind of constant
dW/dzg, in which an additional aerodynamic derivative
accounts for the effect of vertical wind gradient. This
derivative is d/dzg=...+ (8/38V) (8V/dzz), where aV/
3z =0W/dz5. As -for the lateral-directional stability;, he
suggests estimating the stablhty derivatives with an allowance
for the airspeed distribution on the airplane.

In this paper, a steady-state solution for flight in wind shear
is defined and some of: its, flying qualities investigated. A
niumerical example is computed The result is then compared
with that obtained by using Etkin’s z-derivative method.
. As is known,® the atmospheric motion is characterized by
the velocity dué to the solid-body rotat_lon of the air, and by
that due to the axial and shear rates of strain superlmposed on
the velocxty at the orlgm Notwnthstandlng that there is no a
priori knowledge concerning the relative importance of the
rotation and the shear strain, only the velocity field associated
with solid-body motion is considered in this paper as an
illustration of the method put forth. The lack of sufficient
information by the author concermng the aerodynamic data
due to the strain caused the omission of considering their
effect, although this would imply no difficulty as far as both
the theory or its application are concerned.

Equations of MOthl‘l

Most of the reference frames and symbols are those used by
Etkin in Ref. 4. Motion relative to F is considered. Forces are
taken as components in Fy and moments as components in
F B - . - . -
The groundspeed ls expressed as

VE=V+ WE )

and the acceleration of the aircraft c.g. inFy is

where “
P 0
=Lpg| g—c | + 0 : 3
b B

Aerodynamlc forces and moments aré functions of he1ght
. axrspeed the aircraft’s angular speed with respect to the air
(w*), and controls. .

The vector w? = p4,g4,r | T—w % rot WE and written
as componernts in Fg:

=w— YLy rot WE @
where |
wh, ok,
rot WE= ulf — w,’g'; | o)
o — u{!;

The scalar comp‘onents of this vector are

pi=p- %(LBV)II(WI,;!;_UZ) — Vs (Lgy) o (ul—wk)

— Y4 (Lgy) 13 (vl ull) (62)
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qA

=q— Y (Lpy) o1 (Wl —vE) — ¥ (Lpy) 25 (uff, — wk,)
— Y5 (Lpy) 23 (vl —uf) (6b)
rd=r—Yi(Lgy)si (Wg:4vz) — V5 (Lgy) sz (ul—wk)

— Yo (Lpy) 33 (V& —ul) (60)

If the kinematical relationships that give the Euler angle
rates be added, the following equations are obtained -

V=—D/m— (Lyy) = (Lwy) 20¥
~ (Lyy) 13 (WE—g) + T/mcos (ar +a)cosp
' B=—C/(mV) +psina—rcosa = (Lyy) 2,/ Vil
— (Lyy) 22/ VOB~ (L) 23/ V(WE—g)
—T/(MV)cos(aT+d)Sinﬁ
a=—L/ (mVcosB) +q— (pcosa + rsina) tanf
= (L) 51/ (VeosB) il
— (L) s2/ (VeosB) S~ (L) aa/ (VeosB) (kg
—T/(chosB)sin(aT+a)
p=L/LL+1,/[;N+1,/1,pg+1s/T,qr
g=M/I,+1I, /I (P=p?)+ (I, - L)/ wor— Tzl 1,
r'==I,x/11L+IX/I,N+I4/IIpq—Ig/I,qr
¢ =p+ gsindtand + rcos¢ptand ‘ @
6= qeosd> —rsing

V= (gsing + rcos¢ ) cosd

sg=Lyy) nV+ull (82)
ye=Lwy) pV+ol . (8b)
Zp= (L) sV+wE E ®0)

ulf= uE,+(VE) graduE ull +ull xg

+uEny+uE?zE ) (9a)
oF=vl + (VE) Tgradv¥ (9b)
wl=wl + (VE) Tgradwl A 99

The motion equations of the controls and the equations that
define the aerodynamic forces and moments may also be
added. .

Windspeed: variation in the atmosphere has been stidied in
Refs. 2, 6, and 7. In inost cases, it may safely be assumed that
rotWi=const and WE=constant along the reference

“equilibrium flight path in some region of the boundary layer.

It can also be assumed that this region is sufficiently large to
allow considering steady-state solutions of Eq. (7).

Specification of the Aerodynamic Forces
and the Wind Field
As an example a light trainer airplane in landing and
takeoff configuration is now considered. The: gross weights

‘are 3,000 and 4,000 daN, respectively. The aerodynamic
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coefficients for Mach= 6.2 have the following form
Cp = Cpp + Cpas 0+ Cpaz @’ + Cpa3 @ + Cps, B,
ce=cegB+cep? + o +cosrd,
CL=Cro+Craatcr,gt + ch&"' Croe0e
1= (C1po +Crop) B+Cppp™ + (Ciro + Craro)r
+cipB+cped, + €100
Cm = Crmo + Cma @+ Crg@? + Cpug G+ Cpis O

Cn =anB+ (cnpa +C}:ap°‘)PA +C,,,)‘A

+ Cnp B + cn&rar + Cnoa 6.“ (10)

Flight in the surface boundary layer is considered. The
mean wind direction is constant and the windspeed magnitude
can locally be approximated as havmg a linear variation with

* height. Choosing the Earth-fixed axis Ogxy in the vertical
plane containing vector WE, the wmd field is defined by
constant values of uf,, wff and uE uf Zp and by the other
components Zero. :

The scalar components of wj become

pA=p—¥(Lgy)p ﬂEz =p—ul,/2cosfsiny (11a)
q*=q— ¥ (Lpy) puf;,

=q—uf,/2(singsinfsiny + cos¢cosy) : (11b)
ri=r—Yi(Lgy) uf; | |
=r—uf;,/2(cos¢sinfsiny +singcosy) (11¢)
and the term ulf'will be
ulf= uEzzE ulf {wl+ V[sing sing -
+sinq cosf cosg)cosf —cosa: cosB sind] } \ 12)

It should be noted that the influence of wind shear is
represented by the dependence of aerodynamic forces on
vector w?, Egs. (7), (10), and (11), and by the existence of
terms such as (Lyy ), 12¥, due to windspeed variation along
the aircraft path as well [Eqs ) and 12)].

Reference Steady-State Solution

A steady-state solution of Eq. (7) subject to the above
assumptions is now determined. Since the parameters of this
equation varies slowly with height z, and the motion is
considered within a sufficiently thin layer of the atmosphere,
the variation with height can be neglected and z; considered a
constant parameter. Therefore only the first nine elements of
Eq. (7) will be considered. To define the steady-state solittion
of this equation, time derivatives of the variables are set equal
to zero, and the steady states are then defined by a set of nine
algebraic equations with the following 13 unknown constant
quantities: 7, V, 8, a, p, g, 1, 9; 6, ¥, de, 6r, and 6a. Of these,
v, B, 1,1/, and 6 are selected as parameters to be added to Zg, [7):4
and wg. Now the system of algebralc equatlons can readily be
reduced to a nonlinear equation in «. Generally a smgle
solution within the admissible domain of incidence values is
of practical interest.

If the wind gradient is nonvamshlng, the steady state is a
constant translation relative to the air, superimposed on the
variable speed of wind relative to the Earth. The resultant
motion of the aircraft with respect to the Earth is curved and
nonrotational viz. ¢, 6 and ¥ are constant (p=g=r=0).
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The steady-state characteristics of a light airplane have been
computed for M=0.2, $=0, Zg=-5, 0 and 5 m/s and
several directions of the wind (¥ =0, 45, 90, 135, and 180
deg). Some of them are plotted in F1g 1. The thrust required
for the airplane in steady-state flight is seen to vary markedly.
with angle v; the amount and sense of variation depends on
the vertical speed of the aircraft. In particular, the thrust is
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Fig. 1a . Variation with vertical wind gradnent of the steady-state
valués of thrust of the aircraft in landing configuration. y =0 stands
for tailwind and y = 180° for heddwind.
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Fig. 1b Variation with vertical wind gradient of the steady-state
values of bank angle of the aircraft in landing configuratlon ¥=0
stands for tallwmd and y =180° for headwmd
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Fig. 1¢ Variation with vertical wind gradlent of the steady-state

values of elevator deflection of the aircraft in landing conflguratlon
¥ =0 stands for tallwmd and ¢ =180° for headwmd
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Fig. 2a Loci of the phugoid and splral-\b roots when the vertical wind
gradient varies from u}, =0 to 0.3 m/s/m by increments of 0. 05
m/s/m for the aircraft in landmg configuration, climb (Zz = — 5 m/s).
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Fig. 2b Loci of the phugoid and spiral-y roots when the vertical
wind gradient varies from u,';'; =0 to 0.3 m/s/m by increments of 0.05
m/s/m for the aircraft in landing configuration, level flight (Z¢ =0).
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Fig. 2¢ Loci of the ph oid and spiral-y roots when the vertical wind
gradient varies from ug, =0 to 0.3 m/s/m by increments of 0.05
m/s/m for the alrcrat't in landmg conflguratlon, descent (zE =5m/s).

mdependent of ¥ in level flight. Maintaining a constant
airspeed in a variable wind field accounts for this effect. In
fact, the higher the vertical velocity of the aircraft, the greater
the variation of the windspeed and the aircraft acceleration
necessary to maintain a constant relative airspeed.

Flying Qualities
To study the flying qualities of an airplane in wind shear the
linearized equations system about the steady-state solution is
written, i.e., ' '

¥=Ax
wherex"= |V, 8, o, p, q, 1, 6, 0, ¥, 8,, 8, 8,, 6,| and A is the

matrix of the variational system. The zz equatlon may also be
added for level flight.
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Fig. 3a Loci of the phugoid and spiral-y roots for the aircraft in
takeoff conflguratlon, climb (£ E= - 5 m/ s).
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Fig. 3b " Loci of the phugoid and spiral-y roots for the aircraft in
takeoff conflguratlon, level flight (Zz =0).
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Fig. 3¢ Loci of the phugoid and spiral-y roots for the aircraft in
takeoff configuration, decent (Zz. =5 m/s).

It is seen, from Egs. (10) and (11), that aerodynamic
derivatives with respect to the angular positions ¢, 6, and
appear as a consequence of the nonisotropy of the wind field.
Inertial terms, Eqs. (7) and (12), will also be included in A4.

Now the eigenvalues and eigenvectors of matrix A are»
computed for each ¢ and uf, considered. The values of uf,
are taken in the interval from 0 to 0.3 m/s/m. The roll, the
short period, and the Dutch roll modes, and those of the
contiols appeared to be practically unaffected by wind shear.
It appeared, on the contrary, to have a heavy influence upon
the phugoid and spiral modes, and the aperiodic mode
allowing for the consideration of ¥ as an additional variable
of the system. This latter will subsequently be referred to as

the ¥ mode. As a matter of fact, in certain domains of the ¥

values, the ¢ mode is being coupled with the spiral one to
generate an oscillatory miode, referred to hereunder as the
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spiral-y mode. For ¥y =0 and ¢ =180 deg, the situation is
somewhat similar to the conventional one, inasmuch as the
phugoid is mainly longitudinal and the spiral and ¢ modes (or
the spiral-y mode for ¥ =180 deg) lateral-directional, as
shown by an inspection of the corresponding eigenvectors. In
the general case, however, when ¥ differs both from zero and
180 deg, the eigenvectors prove to be rather inconclusive; it is
hard, if, indeed, not altogether impossible to tell which is the
phugoid and which the spiral-y mode, since apparently the
longitudinal and the lateral-directional motion are coupled.

The root loci with the wind gradient u}, as a parameter are
plotted in Figs. 2 and 3 for horizontal, descending and
climbing flight and for several values of angle ¥ between 0
and 180 deg. As is seen, the dynamic characteristics in wind
shear improve in climb and deteriorate in descent as compared
to the level flight. As for the effect of angle ¥, a headwind
(such as Yy =135 or 180 deg) induces periodic phugoid and
spiral-yy modes whose frequencies increase with uf,, while a
tailwind (Y =0 or 45 deg), generally causes the eigenvalues to
uncouple in four aperiodic modes; two are divergent, namely
the ¥ mode and one of the longitudinal slow modes. As
already mentioned, these modes, however, are mainly lateral-
directional or longitudinal, respectively, for only ¢=0 and
180 deg. Divergence was enhanced with the wind shear in-
tensity. ‘ '

A comparison of the results obtained for horizontal flight
with ¥ =0 and 180 deg has been made with those obtained by
Etkin’s method in Ref. 4 for the longitudinal motion. They
proved to be coincident.

Conclusion

Wird shear is seen to account for coupling the longitudinal
and the lateral-directional motions and for an additional
mode as well. This new mode is obtained by the coupling of
the spiral mode with that corresponding to the azimuth angle.
The decisive influence of the wind direction upon the phugoid
and spiral-y modes seems also to be a main characteristic of
the flight in wind shear.

This paper is intended as an endeavor to treat coupled
dynamics in wind shear and, therefore, no pretense of
completeness is implied. Specifically, the contribution of the
translation and the rotation of the atmospherlc field is studied
while rates of strain are neglected. It is the author’s opinion
that the consideration of these terms will only enhance the
effects already mentioned.
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Appendix
Transformation Matrices
cosfcosy cosfsiny —sinf
singsinfcosy singsinfsiny singcosé
Lgy= —cos¢siny 4+ cosocosy
cosgsinfcosy cos¢sin0sin¢ cospcosh
+singsiny —singcosy
cosacosB  sinB sinacosf
Lyg=| —cosasin8 cosB - sinasing
—sina 0 - cosa N

Lyy=LypLgy
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